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Abstract The class of one-dimensional equations driven by a stochastic measure p is studied.
For u only o -additivity in probability is assumed. This class of equations includes the Burgers
equation and the heat equation. The existence and uniqueness of the solution are proved, and
the averaging principle for the equation is studied.
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1 Introduction

In this paper, we consider the stochastic equation, which can formally be written as

2
2_14 = E)_L; + f, x,u(t,x)) + a—g(t,x, u(t, x)) +ol(t, x)a—u, u(0,x) =up(x),
t 0x 0x 0x )
where (¢, x) € [0, T] x R, and u is a stochastic measure defined on B(R) (Borel
o -algebra in R). For © we assume only o -additivity in probability, assumptions for f,
g, 0 and ug are given in Section 3. We consider the solution to the formal equation (1)
in the mild form (see (5) below).
If f =0and g(x,1,v) = v2/2 then (1) is the Burgers equation, for g = const
we get the heat equation.
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2 V. Radchenko

In the paper, we prove the existence and uniqueness of the solution and obtain
its L2-continuity. In addition, we obtain that the averaging principle holds for equa-
tion (1).

Equation (1) driven by the Wiener process was studied in [7] for x € R, in [6] and
[8] for x € [0, 1]. Equation driven by Lévy process was considered in [9]. The main
reason to study equation (1) is that it is a generalization of the Burgers equation which
is very important in fluid mechanics. The stochastic Burgers equation was studied, for
example, in [4], [11], [14], [16, Chapter 18], [26], [27]. All these equations are driven
by Gaussian processes or Lévy processes. In our paper, we consider a more general
integrator. Our proofs are based on methods and results of [7].

Stochastic equations driven by stochastic measures were studied, for example,
in [1] (general parabolic equation), [2] (wave equation), [17] (heat equation). The
averaging principle for such equations was considered in [3], [18], [13]. The detailed
theory of stochastic measures is presented in [20]. Note that in all these publications,
the functions in the equations are assumed to be bounded.

The rest of the paper is organized as follows. In Section 2 we have compiled some
basic facts about stochastic measures. The precise formulation of the problem and
our assumptions are given in Section 3, some regularity properties of the stochastic
integral are studied in Section 4, and one auxiliary equation is considered in Section 5.
The existence and uniqueness of the solution to equation (1) are proved in Section 6.
The averaging principle for our equation is obtained in Section 7.

2 Preliminaries

In this section, we give basic information concerning stochastic measures in a general
setting. In equation (1), u is defined on Borel subsets of R.

Let Lo = Lo(S2, F, P) be the set of all real-valued random variables defined on
the complete probability space (€2, F, P). Convergence in Lo means the convergence
in probability. Let X be an arbitrary set and 3 be a o-algebra of subsets of X.

Definition 1. A o-additive mapping u : B — Ly is called stochastic measure (SM).

We do not assume the moment existence or martingale properties for SM. In other
words, u is Lo-valued measure.

Important examples of SMs are orthogonal stochastic measures, «-stable random
measures defined on a o-algebra for @ € (0, 1) U (1, 2] (see [21, Chapter 3]). The-
orem 8.3.1 of [10] states the conditions under which the increments of a real-valued
process with independent increments generate an SM.

Many examples of the SMs on the Borel subsets of [0, 7] may be given by the
Wiener-type integral

)= [ Lamax. @
[0,7]
‘We note the following cases of processes X, in (2) that generate SM.
1. X, is any square integrable martingale.

2. Xy = WtH is the fractional Brownian motion with Hurst index H > 1/2, see
Theorem 1.1 [15].
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3. X, = Stk is the sub-fractional Brownian motion fork = H — 1/2,1/2 < H <
1, see Theorem 3.2 (ii) and Remark 3.3 ¢) in [23].

4. X; = ZII;(t) is the Hermite process, 1/2 < H < 1, k > 1, see [12], [24,
Section 3.1.3]. Z%{ (t) is known as the Rosenblatt process, see [22, Section 3].

The following analogue of the Nikodym theorem is satisfied for SMs.

Theorem 1 ([5, Theorem 8.6]). Let w,, are SMs on B, n > 1, and
VA€ B3I u(A) =p- lim p,(A).
n—oo

Then p is an SM on B.

Applying Theorem 1, we can construct the following example of the SM on all
Borel subsets of R:

H(A) = / LADED) W, = lim f LA(DEW) AW, 3)
R T—o0 [-T,T]

where W; is the Wiener process, £(¢) is an adapted process such that fR Eé(t)2 dt <
00, the limit is taken in L2(£2).

For deterministic measurable functions g : X — R, an integral of the form
fX g dpu is studied in [20, Chapter 1] (see also [10, Chapter 7]). In particular, every
bounded measurable g is integrable w.r.t. any SM .

To estimate the stochastic integral, we will use the following statement.

Lemma 1 (Lemma 3;1 [17], Lemma 2.3 [20]). Let f; : X — R, [ > 1, be measurable
functions such that f(x) =Y ;2 | fi(x)| is integrable w.r.t. j1. Then

g(v/)(ﬁdlt)z <00 a.s.

We consider the Besov spaces B3, ([c, d]). Recall that the norm in this classical
space for 0 < o < 1 may be introduced by

d=e 2 —da—1 172
gl B2, (re.an = gl qie,an + ( A (w2(g,r))r dr) , 4)

where

d—h 1/2
wagr) = sup ([ letr - gPay)

O<h<r

By C and C(w) we will denote positive constants and positive random constants,
respectively, whose values may change.
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3 The problem

We consider (1) in the mild form

u(t,x) = /Rp(t,x — Yuo(y)dy

t

+/ /p(t_sa-x_y)f(ssysu(svy))dyds
0 JR

L oap ()

—/ /B—(t—s,x—y)g(s,y,u(s,y))dyds
0 JR OY

t
+// pt—s,x —y)o(s,y)dsdu(y),
RJO

where equality holds a.s. for each ¢ € [0, T'] for almost all x e R, u € C([0, T, LZ(R)).

Here
1 2

t,x) = e 4
p(t, x) We
is the heat kernel, and u is an SM on B(R).
We will refer to the following assumptions on elements of (5).

Assumption Al. ug(y) = uo(y,w) : R x Q — R is measurable and uo(y) =
uo(y, w) € L2(R) for each fixed w.

Assumption A2. f(s,y,r) : [0,T] x R2 — R is a Borel function satisfying the
linear growth and Lipschitz-type condition:

[f(s,y, Nl < ai(y) + Klrl,
LfCs,y,r) — f(s,y,r2)l < (a2(y) + Liri | + Lir2Dlry — 2]

foralls € [0,T], y,r; € R and for some constants K, L and nonnegative functions
a; € L2(R).

Assumption A3. The function g is of the form
g(s,y,r) =gi(s, y,r) + ga(s,r),

where
gi(s,v,r) [0, TIxR> >R, g(s,r):[0,TIxR—>R

are Borel functions satisfying the following linear and quadratic growth conditions:
lg1(s, y, )| < b1(y) + b2 (M7,
18205, )| < K1r %,
foralls € [0, T], y,r € R, where K is a constant, and
b € L'R) NL2R), by € LX(R) NL®(R)

are nonnegative functions. Moreover, g satisfies the following Lipschitz-type condi-
tion:

1g(s, v, r1) — g(s, y, r2)| < (b3(y) + Lir1| + LlraD|ri — r2|
forall s € [0,T], y,r; € R and for some constant L and nonnegative function
b3 € L2(R).
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Assumption A4. o(s,y) : [0, T] x R — R is measurable, and
lo(s. )| < Co. o (s, y1) — 0 (s, y2)| < Lo |y1 — y2/F
for1/2 < B(o) < 1 and some constants Cy, L.

Assumption AS5. |y|? is integrable w.r.t. u on R for some v > 1/2.

For example, Assumption A5 holds for the SM defined in (3) and given 7 if

/ 1TEE(r) dt < 0.
R

If A4 and A5 hold, then, by Theorem of [1] (or Theorem 3.1 [20]), the random
function

v(t, x) = /R/Ot p(t —s,x —y)o(s,y)dsdu(y)
has a version 5(t, x) such that for any fixed
6€(0, Ty, M>0, O<y;<1/2, O0<y<l1/4
there exists L5 (w) such that

19 (11, x1) — D (12, 2)| < Ly(@)(|t1 — 2] + |x1 — x2|"),

. (6)
tiels, T], Ixl=<M, i=12
In the sequel, we will use that
0 C Ax=p)?
P —s,x—y)| = e (N
ay t—s

for any A € (0, 1/4) and some constant C},.

4 Regularity property of the stochastic integral

In this section, we obtain some properties of .
Forany j € R and all n > 0, put

A =j+k2", 0<k<2, Al =@, 41 1<k<2".
The following estimate is a key tool for the estimates of the stochastic integral.

Lemma 2 (Lemma 3.2 [17]). Let u be defined on B(R), Z be an arbitrary set, and
q(z,x) : Z x ], j + 1] = R be a function such that for some 1/2 < o < 1 and for
eachz € Zq(z,-) € Bg‘z ([j, j + 11). Then the random function

n(z) =/ q(z,x)du(x), ze€Z,
[j,j+11

has a version 1(z) such that for some constant C (independent of z, j, ) and each
w € 2,

@) < laG D, j + 1D
. 12
+ Clg@lag {2072 3 maghr} . ®

n>1 1<k<2n
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Further, we study the properties of stochastic integral .

Lemma 3. Let Assumptions A4 and A5 hold. Then for version ¥ that satisfies (6), we
have 9 € C([0, T1, L*(R))

Proof. To prove the continuity in L?(R), for fixed @ € Q and arbitrary 7, — o,
consider

170 = 3001,y = [ 17000 = 10,0 P .

By (6), ¥ is continuous in both variables, therefore 5(% x) — 5(to, x) for each x.
We will find g € L?(R) such that

1
Fol=| [ [ pe=sx=ocndsanm| < caw.  ©)

then the dominated convergence theorem implies our statement.
We apply Lemma 2 for

t
q(z,y>=/0 Pt —5,x — o, v ds, 2= (t,x).

Our considerations will imply that the function g (z, y) is continuous in y (see (14)
and (15) below), thus the conditions of Lemma 2 are satisfied.
We fix w € 2, 0 > 1 and estimate

~ ! 2
of =| [ [ pe=s.x = o dsane)

! 2
=[S sy dsdne)
jez JJ+

<> U+ a1+

jer jez (oj+11
2
=@+ atr e
iz G+
®) . . .
= €Y1+ D (la x, DG+ 1DP

JEZ

1l {2027 2 Imaghr}).

n>1 I<k=<2n

4 2
/0 p(t—s,x—y)o (s, y)dsdu(y)

10)

Below we will use the following simple estimates:

1 = |
/ —efgdr b/rzzf —e %dz
or b/t %

00 . 1 1 00 . (11)
<1p>n e *dz+ 1{b<t}( —-dz+ e dz)
b/t b/t % 1

t
< l{bzt}e_b/l + 1{h<t} <ll’l B + 1),
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A L SR _b
e t*JdSS e TdSSCe T, (12)
0 0
‘We have that

t
atx = | [ p=s.x = oy ds

(xfy)z (13)

I o™ A=) (12) —y)2

e _G=y

SC(,C/ ds < Ce 3T .
0 t—s

To estimate ”q(t)”Bc%’z([j,jHI)’ we consider

t
q(t,x,y+h)—q(t,x,y)=/0 pt —s,x —y)o(s,y+h)—o(s,y)ds
t
+f(p(t—s,x—y—h)—p(t—s,x—y))G(S»y+h)ds =h+ .
0

For I;, we obtain

_ —»?
A(1—s)

I <Lhﬂ<<’)/ s x— d—Chﬁ(f’)/ S
il < Lo pt—s,x—y)ds LSS e

(|2)

< ChP@e

For I, assuming 0 < h < 1, we get

A4 t
A CU/ Pt —s.x =y —h) — p(t — s.x — y)|ds
0

tyopx—y _
o / Md,,‘ds
X—

y—h av
@) _ w2
< C,C; e = dvds
0 =S Jx—y-n

(1)
< c/ o= 1W>,}du+c/ (‘m ‘+ )I{Mz<t}dv
x—y—h y—h

X—

e = (15)
< C./ eiTl{Mzw}dv—I—C/ |1n|U||1{)\U2<t}dU
X - x—y—h

< C/ e t l{kvzzt} dU+C1{|x—y\<\/Z/_A+1}/(; |an|dZ
X

2 )2
< cheT +C1{‘x_y|<m+1}(z—zlnz)‘0

< Che™ + ChiInh|Yy_\ - jizis1
T 7‘,)2 _ Aa—p?
< Che™ + ChP@ )l{lx N dTTiH) < ChP@ =7
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In (*) we have used that the maximal value of f;lz [In [v|[1{jyj<c)dv for fixed

|x1 — x2] is achieved when x, = —x;.
In (**) we applied

_m? _ha—y)?
Ce T <e T,

whichholds for0 <A <A, x —y—h <v <x—y.
Further, we note that for y € [j, j + 1]

_a-p?i (=(x=jl=D>i
e T e T ,

and (14) and (15) imply that

(1=
lq(t.x.y 4+ h) = q(t,x. y)| < CRP@O = H
Now, from (4), (13), and (16), for some 1/2 < @ < B(o) we get that

A=(x=jl=D>3
lg @Ol g2 jpy =Ce T

From (10), (13), and (17) we obtain (9), where

g0 = 2071+ 07 (2G4 1)

JEZ

20— (lx—j|=D?)i ;
SETE S B wade]).

n>1 1<k<2n

We will check that ¢ € L2(R), and get

/g (@) dx < C Y (jl+ D, j + 1)

J€EZ

(16)

a7

(18)

19)

+CZ(|j|+l)6{227n(2a*1) Z IM(A,E{,))IZ}.

JjEZ n>1 1<k=<2n
. o0 2
Here the sums with u have a form ) ;| ( Jg fid u) , Where

(A, 1= 1) ={(j1+ D1 (). j € Z),
Ui, 12 11 ={(j1+ DP2277YD1 6, (),
jE€Z, n>1,1<k<2".

We have
S 1AL = Uyl + D2

=1
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By AS, Z[’il | f1] is integrable w.r.t. ;£ on R in both cases. From Lemma 1 it follows

that for o
2
Qpog=10e: /f;d,u < +00 (20)
foeas ([ an) < =]
we have P(Qg ) = 1. For each w € Qg 4, we have g(-, w) € L2(R), and D (-, ) €
C([0, T1, L2(R)). O

In particular, Lemma 3 implies that for each w € 2y , it holds

sup [T ll2@) < 00 1)
t€[0,T]

We will need one more boundness result about 3.

Lemma 4. Let Assumptions A4 and A5 hold. Then, for version ¥ that satisfies (0),
we have
sup |5(t,x)| <00 a.s.
1€[0,T],xeR
Proof. In the proof of Lemma 3, for function g defined in (18), we obtained that
estimate (9) holds. From (18) it follows that

g’ () = C Y (il + D, j + 1)

JEZ
+C Y+ DAY 2 S uaghP).
jez n=1 1<k=2"

Further, we repeat the proof of Lemma 3 after (19), and for each w € 2y , obtain that
Sup,cr |8(x, w)| < o0. O
5 Solution to the auxiliary equation

Consider the operator 7y : L>(R) — L?(R) such that

v, vl < N,
7y (v) = v
Nis ”v“LZ(R) > N

vl

For the Hilbert space L%(R), it is easy to check that
Iy () — TN W)l 2y < v — wli2). (22)

In this section, we study the auxiliary equation

w0 = [ ptx = o) dy
R
t
+f / pt —s,x = y) f(s,y, an(u)(s, y))dyds (23)
0 JR

t 8 ~
—/ / a—p(t —s5,x —y)g(s, y, in@)(s,y))dyds + v (¢, x).
0 JR OY
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We consider (23) for fixed @ € Q. (see (20)), and will prove the existence and
uniqueness of the solution.
Let us consider the linear operators

t
(Jiv)(t, x) = /0 /Rp(t —s,x —y)v(s, y)dyds,
t ap
(Jow)(z, x) =/ / —(t = s, x —y)w(s, y)dyds,
0o Jr 0y

where 7 € [0, T], x € R, v, w € L®([0, T], L>2(R)).
We recall some lemmas from [7].

Lemma 5 (Lemma 3.1 [7]). The operator J; is bounded from L*([0, T], L>(R)) to
C([0, T1, L2(R)), and the following estimate holds:

t 172
||le<t>—J1v(r>||Lz<R)§C|t—r|”3(/0 lo@lgds) @4

whereO <r,t <T.

Lemma 6 (Lemma 3.2 [7]). The operator J is bounded from L3 ([0, T], L1(R)) ro
C([0, 11, L2 (R)), and the following estimates hold:

t
I Lw®) 2@ < C /0 (t — )" Hws)llL ) ds. (25)

t 1/5
||J2w(t)—J2w(r)|||_2(R)SCIt—r|1/2l(/0 g ds) . @)

where 0 <r,t <T.
The following statement is the analogue of Proposition 4.1 [7].
Lemma 7. Let A2 and A3 hold, and

up € L*R),  [7(t.0) < C@). 702 < Cw)

Sfor some finite constant C (w). Then for any fixed N > 0 and v € Q2 o equation (23)
has a unique solution u € C([0, T1, L2(R)).

Proof. Step I (existence and uniqueness of the solution).
Denote

!
(Au)(t,x) = /0 /Rp(t -5, x—=y)f(Gs,y, anw)(s,y))dyds,
! )
(Ao (1, %) = — f f Lt = 5% = »gls.y. )5, y) dy ds.
0 JROY

Fix A > 0. Let H denote the Banach space of L2(RR)-valued functions u(z, x) such
that (0, x) = ug(x), with the norm

T
Il = [ e IOl .
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Define the operator A : H — H such that
(Au)(t, x) = ‘/Rp(t, x — Yug(y)dy + (Au) (@, x) + (Au) (¢, x) + 9, x). 27)

We will prove that operator A is a contraction for large A.
Using the inequality

4 t
H/ f(S>dSHS/ Lf ()1l ds,
0 0

we have that

(A1) (@) — (A1) DIz g

t
< / / pt=s, x=y)(f (s, y, an () (s, y))=f (s, y, an ) (s, y)) dy| ds
o lJr HE
t
< /0 Hpr(t —5,x — V@) + Llzy @)(s, )| + Lizy ©)(s. y)D)
X [wn @) (s, y) —an)(s, y)|dy L2®) ds
() 1
< /O Ip(t —s,x = Mg @) + Lizy @) (s, )| + Lizy ) (s, y)))
X |y @) (s, y) — iy () (s, WL, ds-
(28)

Here in (**) we used the inequality for convolution [[vxw || 2y < [Vll2w) lw L1 (w)-
Further, we have
Ip(t = s,x = Dfag = Ct -9~
l(@2(y) + Limn () (s, )| + Lizn () (s, Y)DIn @) (s, y) — v () (s, WL (w)
< ll(a2(y) + Limn (u)(s, y)| + Llzy () (s, Y)IlIL2w)
X lmn @) (s, y) — v @) (s, V2w

(22)
< (lazllz@) + 2LN) luls) — v(s) 2 wr)-

Applying the Holder inequality, we get

4 2
I(A®) = (A Oy < Cn( /0 (1 = )7 u(s) = v(6) L2y ds)
(29)

t
< [0 =97 1u05) = v0) s s,

where Cy denotes some constants that may depend on N.
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For A;, we have

1(A2u) (1)) = (A20) DI

t ap
:Hf /a_("”—W(g(w,fnv(u)(s,y))
0 JR OY

2

— (s, y, iy (v)(s, y))) dyds e

2 /O (1= 7M1 b3 ) + Lizy @) (s, )]
F LIty )6, DDITN 0. ) — Ty )6 ) iy ds)

<C /0 (1= 3 0) + Ll s, )] (30)
+ Llzn ) (s, DIn ) (s, y) = 7n @) (s, DT g ds

<C /Ot(r — )7 b3 () + Liey @) (s, y)| + Lizy @), D g,

X [N ) (s, ) = Tn ) (s, VT, ds

t
<C / (t =) UIbs Nz + 2LN) s, ¥) = v(s, Vs, ds
0
t
—Cy f (1 =7 u(5) = v(s) P, ds.
0
Therefore,

T
Il Au — Avlj3, = /0 e M (A (1) = (A7, di

(29),(30)
<

T 1
CN/O e_)‘tfo (t — )7 *us) - v(s)||fz(R) dsdt

T T
= O [ M) = 0Oy [ =9 drds

N

T 00
—X 2 ~3/4 1
SCN/() e S||u(s)—v(s)||L2(R)/O r e drds
o
=Cyllu— v||%{/ 34 dr,
0
and for large A we can get
o0
CNf r34e ™M dr < 1.
0

Then the operator .4 on 7 is a contraction and has a unique fixed point which is the
solution of (23).
Step 2 (continuity of the solution in L>(R)).
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We will demonstrate that u € C([0, T], L>2(R)) provided that Au = u. We con-
sider each term in (27), and obtain

1A (@) = (A ()1

(24) !
== [y a6 D s ds

A2
< (t =*P2T (laillts g, + K2N?),

26) !
I(A2) (1) = (Aa) (D) [Py < (& = 1) fo lg(s. v, TN @) (s, DI gy d

A3

< (=P CTUBI gy + 1278 I ) + K NTR I )

< C(t — 5/21 b 5 b 5 5 KS 5

= (t }’) (” 1”L1(R) + ” 2||L2(R)”T[N(U)”L2(R) + ”T[N(U)HLZ(R))
< C =P b1 gy + 102002y N + KN,

therefore (A u)(¢) and (Asu)(¢) are continuous. For ¢, we refer to Lemma 3, convo-
lution p * ug is continuous by standard properties of the heat semigroup. O

6 Solution to the main equation

We will use one more statement from [7].

Lemma 8 (Lemma 4.2 [7]). Let { = {¢(¢t,x),t € [0,T], x € R} be a continuous
and bounded function belonging to C([0, T1, L2(R)). Let v € C([0, T1, L2(R)) be a
solution of the integral equation

v(t,x)=/Rp(t,x—y)uo(y)dy
t
+/O /Rp(t—s,x—y)f(s,y, v(s,y) +¢(s,y))dyds (31
t ap
—/ /8—(t—s,x—y)g(s,y,v(s,y)+§(s,y))dyds,
0 JR OY

where ug(y) € L>(R), and f and g satisfy the assumptions A2 and A3.
Then we have

0Py < ol + C10L+ RI@)) exp{Ca(l + Ra@)).  (32)

where the constants C1 and Cy depend only on T and on the functions a;, b; and the
constants K and L appearing in the hypothesis A2 and A3, and

Ri(¢) = S:[l(l)pﬂ(||;(s>||fz(R) HUE O gy + 126 o)

Ry@) = sup [1E(9)Ifoog)-

5€[0,T]

The main result of the paper is the following.
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Theorem 2. Let Assumptions AI-A5 hold. Then equation (5) has a unique solution
which is continuous with values in L2(R).

Proof. We consider equation (5) for each fixed w € Qg o, take the version ¥ that
satisfies (0).
We apply Lemma 8 to

t
;(tax)zéﬁ p(t_ssx_y)a(svy)deM(y):ﬁ(tsx)v

assumptions on ¢ are fulfilled by Lemmas 3 and 4.
For given ¢, set

N =N+ SUP ||§(t)|||_2(R) +1, (33)
tel0,
where le is equal to the right-hand side of (32). For given N, take u which is a
solution of (23).
Denote

tn = sup{r : lu(@®)ll 2wy = N}
fort <ty we have my(u) = u and v = u — ¢ satisfies (31).
By Lemma 8, [[v(#) | 2r) < N1, and

lulew) < lWOlew) +1EOIe) =N -1, <ty.

Therefore, ty = T, and we never get lulzw > N. The solution of (23) will
satisfy (5).

Conversely, in (5) we have that [lugll 2ry < N — 1, up to the moment 1y = T
equation (5) coinsides with (23) and has a unique solution. O

7 Averaging principle

In this section, we consider equation (1), where functions f and g do not depend on
the time variable ¢, and study the averaging of the stochastic term.
For ¢ > 0, consider equation

al/lg _ a Ug +f(x L{g(f x))+ i(x,ug(l‘,x))‘i‘a(t/g,X)z_/;:’

ot ax? (34)
ug(0, x) = up(x).
Assume that for each y € R there exists the limit
1 t
o(y) = lim —/ o(s,y)ds. (35)
t—oo t 0

It is easy to see that o (y) satisfies Assumption A4 with the same constants Cy, L.
We will study convergence u. (¢, x) — u(t,x), ¢ — 0, were u is the solution of
the averaged equation

du 9%

o = g G, x)>+—(x a, x))+o<x>

u(0,x) = uo(x).

(36)
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The mild forms of (34) and (36) are, respectively,
t
ug(t, x) = /0 p(t, x — y)uo(y)dy

1

+/0 /Rp(t =85, x =)y, ue(s, y)) dyds
! d

- / / G P =8 x =)y, ucls, y)) dyds

0 JrR OY

t
+/R/O pt —s,x —y)o(s/e,y)dsdu(y).

and

u(t, x) = /Rp(t,x — Yuo(y)dy

t

+/0 /Rp(t_Sax—)’)f(y’ﬁ(s,y))dyds
o

—/ /8—p(t—s,x—y)g(y,ﬁ(s,y))dyds
0 JR Oy

t

+// pt —s,x —y)o(y)dsdu(y).

R JO

We also impose the following additional condition that is standard in the averag-
ing principle.

Assumption A6. The function G4 (r, y) = for (o(s,y)—a()ds,re Ry, yeRis
bounded.

This holds, for example, if o (s, y) is bounded and periodic in s for each fixed y,
and the set of values of minimal periods is bounded. Obviously, A6 implies (35).

Theorem 3. Assume that Assumptions AI-A6 hold. Then there exists a versions of
ug and u such that

sup |lug (1) —u(@)ll 2@ — 0 a.s. 37)
1€[0,T]

Proof. In Step 1 of the proof of Theorem 1 [19] (or Theorem 7.1 [20]), for the
stochastic integrals in

t
Es(t,X)=/R/O p(t —s,x —y)o(s/e, y)dsdu(y)

t
- / / pt —s,x —y)a(y)dsdu(y)
RJO
and some y; > 0 it was proved that there exists a version such that

& (1, 0)| < C(w)e” (38)
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for all w € Q1, P(21) = 1 (here Assumption A6 was used).
As in the proof of Lemma 3, for function g defined in (18), we obtain that

|86 (r, x)| = Cg(x),

where g € L2(R) for each w € Q9.«, P(Q.4) = 1, and g is independent of .
By (38), |&,(t,x)] = 0, &, — 0. The dominated convergence theorem imply
that for each ¢ € [0, T'] and each w € Q9 o N 2 it holds

(&, Oll2@)* = /R &, (t, )|*dx — 0, & — 0,
therefore
€ () ll2r) = 0, & — 0. (39)

In the proof of Theorem 2, it was obtained that
lulew) =N, (40)

where N is defined in (33).
We can see that also

e l2 ey < N @1

for all ¢ > O for the same N. To explain this, note that in (33) Nj depends only on 7,
on the functions a;, b; and the constants K and L appearing in the assumptions A2
and A3. For ¢ (t, s) = ¥ (¢, s), in the proof of Lemma 3 we obtained that

sup [[9(0)|? sc/g2<x)dx,
tel0,T] LZ(R) R

where the right-hand side may be estimated by (19). The constants in (19) may depend
on C, and L, from assumption A4, but are independent of €.
Further, we obtain

lue (@) — u@)ll 2w

t
<|[ [ re=sx =00 = o dyds

L2(®R)

! 9
][] = sx = 300 — g ats ) dyds
o Jr 3y

H1ED g =+ D+ 16O g

L2(R)

For J1, as in (28)—(29), taking into account (40) and (41), we get

t
It < C/O (t =) lue(s) = @) 172 g, ds.

For J,, as in (30), we obtain

t
J3 < C/O (t = )7 ue () = a()1Fa g, ds-
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Therefore,

t
lue () = a@E2g) < € fo (t =) Hue(s) = a2, ds + 31E Ol g)-

We use the generalized Gronwall’s inequality (see, for example, Corollary 1 in

[25]) and get

e (1) = AO1F2 ) < C@NE DD g,

d r"1/4) n/d—
+C(a))/0 ;m(t—s) " 1||$8(s)||iZ(R) ds.

By 21), [[§e ()l 2ry < C. Itis easy to check that the function

o]

T
h(s)—zr(n/4)(t 5)

n=1

is integrable. Applying (39) and the dominated convergence theorem, we obtain (37).

O
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