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Abstract. Education is about supporting humans in their growth, with a special focus on
exploring their intellectual potential. Learning to act following a given (even complex)
pattern is losing its educational value very fast, because all well described activities can be
automated. Education therefore should focus on developing those cognitive process di-
mensions of pupils where technology cannot compete with humans (Dagiené¢ ef al. (2020),
Hromkovi¢ and Lacher (2017), Hromkovi¢ et al. (2020)).

The contribution of this paper is conceptual. In the paper we show that starting with the
algorithmic view on the historical development of number representations and calculations
offers a natural, more understandable way for teaching mathematics in primary schools.
We show that going consequently from concrete to abstract empowers pupils to be able to
design own representations of numbers, rediscover the execution of arithmetic operations
on their own, and even develop elementary calculations in own designed number sys-
tems. We show here how a successful process of rediscovery of arithmetic algorithms can
be designed by using classical algorithm design methods as “induction” and “divide and
conquer”. We show how that algorithmic thinking can essentially contribute to improving
education in mathematics.

Keywords: teaching to abstract, problem solving, computational thinking, teaching ele-
mentary arithmetic operations, number representation, genetic Socrates method, construc-
tivism, algorithmic symbol manipulation, algorithmics, arithmetics.

1. Introduction

“The brains of people should not be stuffed with facts, names, and formulae. To know
all this, it is not necessary to have passed any school. The real purpose of education
is to teach people to think.” Albert Einstein.

Automation has always been the part of human culture that made and makes our civiliza-
tion more and more efficient (Hromkovi¢ (2015), Hromkovi¢ and Lacher (2017)). Since
ever humans acquire knowledge and use it to develop procedures (algorithms) for differ-
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ent purposes. The original principle of automation was that many people could success-
fully execute such procedures without understanding why they work properly, i.c.,
without having the knowledge of their inventors. The oldest archaeological artifacts
documenting algorithms as mathematically described exact procedures are about 4000
years old. In this sense, computer science as the discipline about automated information
processing (i.e., about automated knowledge generation) has always been an integral part
of human culture (Hromkovi¢ (2015)). Today we are living in the era of information
technology that enables us to automate all activities we understand to some extent and
execute them faster and more reliable than humans. The 200 years old model of schools
striving to educate experts able to correctly act following a complex pattern needs to be
updated because the educational value of acting by following given procedure
descriptions (does not matter how complex they are) is decreasing fast. Since education is
about supporting humans to grow (especially to explore their intellectual potential),
nowadays one has to force the development of those dimensions of pupils (creativity,
fantasy, critical thinking) in which technology cannot compete with humans (Dagiené et
al. (2021), Dagiené et al. (2020), Hromkovi¢ and Lacher (2023)).

The contribution of this paper is on the conceptual level. We design a novel approach

for teaching elementary arithmetics by combining constructivism (Piaget (1926), Piaget
and Harel (1950),Wagenschein (1966)), algorithmic thinking (Knuth (1985)) and genetic
Socrates method (Hromkovi¢ and Lacher (2025)). This concept essentially deepens the
understanding of arithmetic by pupils and simultaneously makes arithmetic algorithms
much easier to understand.

We claim that the current style of teaching numbers and elementary arithmetic operations
in primary schools does not fit our above formulated requirements. Introducing calcula-
tion starts on an abstraction level that is too high. The abstract decimal positional number
representation is assumed as given. Still worse, it is ignored that the written algorithms for
multiplication and division are products of thousands of years of fine-tuning to minimize
the amount of work for their execution as well to minimize the space of their symbolic
(abstract) execution. Moreover, all these optimizations have been done without taking care
of the understandability of the executed algorithms. And of course, the optimization of
the amount of calculation work and of space of calculation execution, and the search for
an appropriate number representation impacted each other and were done simultaneously.
Teaching these final products as one without being familiar with the process of their devel-
opment aggravates considerably the understanding of basic arithmetic. Each abstraction
arises as a generalization of experiences with concrete, and this experience with concrete
is the only well-understood way to introduce abstractions and work with them (Piaget
(1926), Piaget and Harel (1950), Wagenschein (1966), Wittmann (1981)).

It is a folklore that many institutions educating teachers decided not to aim to teach the
execution of arithmetic operations as division because this typically results in learning the
corresponding symbol manipulations without understanding why these algorithms work.
But this is a wrong decision because avoiding abstractions restricts the intellectual growth
of pupils a lot. Without learning to create and verify abstract models (descriptions) of



J. Hromkovié, R. Lacher 3

objects and processes we essentially restrict the ability of learners to approach more com-
plex topics (a more involved discussion can be found in Delic and Senad (2016) and in the
text book series “Mathematik entdecken und entwickeln”, (in German) Hromkovi¢ ef al.
(2025a), Hromkovi¢ et al. (2025b), Hromkovic et al. (2025c), Hromkovic et al. (to ap- pear
in 2026a), Hromkovi¢ ef al. (to appear in 2026b)). This is the reason why we start to teach
calculation with integers by developing various and more concrete representations of
numbers and designing algorithms for the basic arithmetic operations in these less abstract
number representations in such a way that pupils are involved in designing number repre-
sentation as well as in developing descriptions of calculation processes.

In fact, our proposal is based on the daily job of computer scientists. We design symbolic,

abstract representations of objects in such a way that we can work with these representa-

tions efficiently. From this point of view, the simultaneous development of number rep-

resentations and algorithmics for execution of arithmetic operations is a representative

pattern of the work in algorithmics (Dagien¢ ef al. (2020)). This is not allowed to be a

surprise, because informatics was since ever an integral part of human culture (Hromkovic¢
and Lacher (2017)).

In this paper we present our concept and illustrate some parts of our design of a teach-
ing sequence devoted to the understandable development of algorithms for multiplication
and division. The main didactic strategy is based on splitting the learning path in such
small steps (sequences of questions, tasks, and activities see Delic and Senad (2016),Wa-
genschein (1966),Wittmann (1981), Hromkovic et al. (2025a), Hromkovic¢ et al. (2025b),
Hromkovic€ et al. (2025¢), Hromkovic et al. (to appear in 2026a), Hromkovic ef al. (to
appear in 2026b)), that pupils are able to make the necessary discoveries for solving par-
ticular steps (problems) to a high extent on their own. Because of that we call our approach
genetic Socrates method. Note that this was the method how Socrates used to teach. The
basic idea is not to present the products of scientific work, but to teach the processes of
their discoveries and their development.

To learn how to describe objects (numbers, for instance) and calculation processes in ab-
stract ways is more important than to learn executing concrete calculation algorithms.
The ability to abstract and solve problems in their abstract descriptions have the key role
in the processes of investigating, understanding, and shaping the world around us, and
must be the main issue in education in mathematics and informatics. It corresponds to the
proper idea of teaching algorithmic thinking (Knuth (1985), Wing (2006), Denning (2009),
Aho (2011), Tedre and Denning (2016), Bollin and Micheuz (2019), Denning and Tedre
(2021)).

This paper presents a novel strategy how to teach elementary arithmetic by combining
the development of number representations with the design of algorithms for executing
elementary arithmetic operations.We illustrate the fruitfulness of their mix of abstraction
development, problem solving and algorithmic thinking by showing how easy and sys-
tematically the algorithms for addition, multiplication, and division can be designed. The

division algorithm in section 4 we already presented in extended abstract (Hromkovi¢ and
Lacher (2025)).
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This paper is structured as follows. In the second section we shortly discuss the develop-
ment of number representations with the focus on so called coin-representations. Since our
number systems are based on addition of units of number systems, we outline here also
how to calculate addition in presented number representations. In section 3 we show how
to use the number representations introduced to transparently develop algorithms for
multiplication. In section 4, we show how to develop a very well understandable ap-
proach for a division algorithm based on two simple modules — exchange of a big coin for
several smaller coins of the same value, and equally partitioning a set of equally-valued
coins (splitting a pirate treasure). We discuss how to move from this transparent tangible
algorithm to an understandable script form (abstract written execution). In conclusion we
discuss the importance of our approach of teaching elementary arithmetic.

2. Number Representations and Addition

The history of developing number representations is at least 68.000 years old. The first
attempts resulted in the unary number representation which is suitable for small numbers
only. Nevertheless, historically this was one of the greatest breakthroughs in human his-
tory enabling the storage of information outside of the human brain (Hromkovic¢ (2015),
Hromkovi¢ and Lacher (2025)). The true digital revolution started more than 5300 years
ago with the development of the first scripts in Mesopotamia and then in Egypt as the
consequences of the first Big-Data crises in human history. Using alphabets in order to
represent shortly (concisely) information as sequences of symbols (today called data as
digital representations of information) and store them on media has changed the manage-
ment of and the living in the old cultures more essentially than the IT does recently. For
the first time in the history of mankind, humans were able to store and process
information externally outside of their brains on some medias. This allowed humans to
store informa- tion more objectively and for an unrestricted amount of time, to
communicate information to arbitrary long distances, to build databases for information
processing, and to do busi- ness with information.

From the very beginning the number representations of most of the old cultures have been

based on addition. One has chosen basic values (units) of the number system used (called
coins here), for instance the decimal ones (1, 10, 100, 1000,. . . ) in Egypt, the hexadecimal
ones (1, 60, 3600, . . . ) in Mesopotamia, or the vigesimal system (1, 20, 400, 8000, . . .)
by Maya in South America. The origin of the Roman number representation is the same
by taking roman coins of values 1, 5, 10, 50, 100, 500, and 1000 and not using the sub-
traction (not allowing to place smaller values to the left of the larger ones, i.e. IV, IX, CM
were not allowed). In what follows we shall call the numbers represented by the addition
of roman coins “old roman numbers”. In all these cultures a number was expressed by a
collection of coins (basic values) in such a way as the sum of the values of the coins in
the collection corresponds to the value of the number. Obviously, based on this principle,
one can express a larger number by many different coin collections. To avoid ambiguity
in their number representations all old cultures have decided (without any communication
between the cultures) that the collection with the smallest number of coins expressing a
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given number is its right representation. For the coins (basic values of the number systems)
used by old cultures this representation strategy guarantees the unambiguous representa-
tion of all numbers.

From the didactic point of view one of the main advantages of the coin-number representa-
tions is that one can work with numbers in a physical representation as collections of coins.
This number representation is so transparent that pupils in the second class of the primary
school do not have any problem to count and to sum numbers up to 1 million. Addition
is especially easy to execute. One takes two numbers in their coin representations as coin
collections and unite these two collections into one collection. The sum of the values of the
coins in this unified collection offers already the right value of the addition. The pupils are
now asked to minimize the number of coins by exchanging smaller coins for equal value
of larger coins. Training this exchange of coins without changing the value of a coin col-
lection is the only ability needed to execute addition.

We introduce the number representations and train them by executing addition with them

in the order as shown in Figures la through 1f and as follows:
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(e) Table representation of numbers with lines. (f) Table representation of numbers with lines and digits.

Figure 1. Number representations are trained executing additions in the representations. The order of representa-

tions is as follows: (a) Unary representation. (b) Unary representation and the meaning of digits. (c) Two dimen-
sional unary representation. (d) Coin representation of numbers. (¢) Table representation of numbers with lines. (f)
Table representation of numbers with lines and digits.
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What are the main advantages of developing number representations in this order?

1. We start with very concrete representations of numbers and move finally to the
abstract decimal positional number representation;

2. Moving from one number representation to the next one is transparent and very
well understandable;

3. If pupils have troubles with some new, more abstract representation, they can al-
ways move back and verify their perception of the representation concept by the
already well understood, more concrete representation;

4. As we will show in the rest of the paper, pupils get a much more understandable
way to manage the execution of elementary arithmetic operations;

5. Pupils can train to create abstract number representations of other number systems

and so learn to abstract (develop abstract descriptions). In the following Figure 2 we see

a table (positional) representation of old roman numbers.
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Figure 2. Table representation of old roman numbers.

Immediately after introducing a new number representation, it is recommended training
to execute addition in this representation. For unary number representation, addition is so
easy that it cannot be easier. One joins the representation of both summands, i.e.
estimating the value of the results means to keep on counting (Figure 3).
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Figure 3. Addition in unary representation.

As a good preparation for working with the coin representation of numbers, it is helpful to
train also addition in two-dimensional unary representation (Figures lc and 4). Addition in
the coin representation consists of two actions, the pupils are already familiar with both.
The first one is to put both coin representations (collections of coins) of the summands
together, and the second one is minimizing the number of coins used (Figure 5). It is only

a small step to move from addition in the coin representation of numbers to the table repre-
sentation. Instead of minimizing the number of coins in the second action of the addition,
one executes carryover. The first action corresponds to the unary addition for each coin
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value (unit of the number system) see Figure 6a. Here is also advantageous that pupils
exercised the addition in the unary two-dimensional representation of numbers.

After mastering addition in all number representations above, pupils understand the op-
eration of addition so well that they can start to execute addition in other number systems

(Maya numbers, binary numbers, old roman numbers, etc.) as well as in own number
systems proposed by them.
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Figure 4. Addition in unary representation with cubes.
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Figure 5. Addition in unary representation consists of two actions: combining and minimizing the number of
coins used.

3. Modular Design of Teaching Multiplication

Multiplication is the first complex arithmetic operation pupils have to learn to execute.
To develop a multiplication algorithm with the class, it is important, but not sufficient,
to move from concrete to abstract number representation as designed in section 2. In
addi- tion, one has to work with modular design. This means developing algorithms for
simple tasks and using them as building blocks to compose the multiplication algorithm.

For sure, the most fundamental building block is addition, and one has to define multiplica-
tion as the sum of several equal values.

a-b=b+b+..+0b
N, e’

a times
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This definition offers the first algorithm for multiplication by executing a—1 additions (Fig-
ure 7).

The next step is again based on algorithmic thinking, focusing on efficient executions of

all activities that we want to automate. The motivation not to be satisfied with this simple
multiplication algorithm is the big amount of work (number of additions executed) if the
multiplier is large. Commutativity can help to increase the efficiency only if one of the
numbers in the product is small.
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(a) Addition in table representation with lines (b) Addition in table representation with digits

Figure 6. Addition in table representation of decimal numbers (represented as coins). First unary with lines in the
table (a) and with digits (b). Note that we suggest to include to train carryover in both representations.

14 21 28 35 42
7—'{*{]—'{;]—{?]—{;}—’{?%
7 7 7 7 7

Figure 7. Multiplication 6 7 as the repeated addition of the same value.

Here we recommend to introduce the original Egyptian multiplication that strives to ex-
ecute multiplication in any number system with well-defined addition by executing as
few additions as possible. The goal here is not to present the algorithmic procedure that
may be too complex for pupils. The idea is to show pupils examples like the trees (Figure
8) and to give them a sequence of challenges. Each challenge is the execution of a
concrete product ¢ b with a minimal number of additions by using the idea of summing
the value
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b in a tree (Figure 8). Observe that this way you can always execute a b with less than
2 log, a additions.

42 8
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Figure 8. Using a tree to reduce the number of additions to three by calculating 6 7 and 5 7.

After this we recommend to approach our common multiplication algorithm based on the
positional number representation. The key point in understanding this multiplication algo-
rithm is the distribute law (a + ) ¢ = ac + bc, and we recommend to train it by learning
the multiplication table by task like 7 8=(4+3) 8=4 8+3 8=32+24=56.The
task formulation can be as follows: “I know 4 &8 and 3 8. Can I calculate 7 8 by
executing one addition only?

Next, we develop the multiplication algorithm for one-digit multiplier. We start with the
coin representation and multiplying with @ we exchange every coin in the representation of
the multiplicand by « coins of the same value. After that we minimize the number of coins
in the representation as usual. This should be executed only for small a’s because we have
to avoid handling too many coins. After understanding the principle of multiples of coins,
we move to the table representation of multiplicand as in Figure 9a and 9b.

64-315 = (60 +(4))-315

o P (A00) 10 1)
= (4)-B18) = (4)-(315 = ( J1]2]6]0)
+60 - (315 +6-31500 +1/8/9/0/0)

@eT)  (H9e0) 100 10 =[(20160)
5.(4]9]3) = F@{%}
20 4515
: oy (4)-(3]1]5) (6)-(3]1[5]0)
P 12420 18613010
[ J20746]5) ) 6]
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2 — all
(21a16])5) (112]6e]0) (1]8]9l0]0)

(a) Multiplication with a one-digit multi- (b) Multiplication with a two-digit multiplier show-
plier in the table representation. ing the separation of the decimal units.

Figure 9. Note that we suggest to not minimize the space. In (b) we even suggest to use two supporting calcula-
tion tables at the lower part.
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When all pupils mastered it, you can shorten the description of the execution of multipli-
cation with one digit multiplier to the common one row written execution in positional
decimal representation.

The next module is the multiplication by units 1, 10, 100, ... of the decimal number system.

This module and the module of multiplication by one-digit multiplier can be combined to
a module for multiplying by multiples of units.

600 3721=6 372100 =2232600. Now, all modules needed are ready to compose the
multiplication for arbitrary multipliers.We start with two-digit multipliers as depicted in
Figure 9b. Note, that the fundamental idea is again based on the distributive law, because
we have to express the multiplier as the sum of tens and ones (64 = 60 + 4 in Figure 9b).

It is important not to strive too quickly executing the multiplication on the smallest pos-
sible space as in the common multiplication algorithm. We recommend the larger schema
as it enables the pupils to see any time during the execution of multiplication what they are
doing and why. It also helps the pupils to train verifying the correct execution of multipli-
cation, and searching for and correcting errors. All this brings more sense of achievement
which is the most efficient teaching method. Finally, the pupils become more self-confi-
dent and open for experimenting by problem solving.

To extend this schema for multiplying by larger multipliers is quite natural and is no ob-
stacle for pupils in mastering general multiplication. A crucial issue is not approaching too
quickly the written common execution of multiplication in the minimal space. The right
time for moving in this direction is when pupils find it boring to fill the schema introduced
and start to suggest to make it faster by jumping over some parts of the schema.

4. Division by Genetic Socratic Method

Teaching the division, one starts with the unary number representation, which in tangible
representation means with a collection of equal-valued coins. The fair distribution of a coin
collection is running in rounds and in each round each party gets one coin. The trans-
parent procedure is illustrated in Figure 10. This corresponds to the definition of division a
. b, where one subtracts b from a as many times as doable.

)| 7+ 3= 2 Remainder 1

@
(1,'7

third round ?

Figure 10. Distributing equal-valued coins to three people.
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We see that the fair partitioning of coins in this way can be mastered by pupils in a few
minutes and one can easily learn to write the result of the division following the common
convention. This simple procedure is the basic module for the general division algorithm.
This module has to be applied as many times as the number of positions of the positional
number representation of the dividend. In the Figures 11, 12, 13 and 14 we see that one
begins with distributing the coins of the largest value on the corresponding number of
par- ties given by the divisor. If some rest coins cannot be distributed (because their
number is smaller than the divisor), one exchanges them for the coins of the next smaller
value. You do not need to explain this action, you have to ask pupils to propose it. At
latest after this action pupils are able to design the rest of the calculation on their own.
Note that this pro- cedure for division works also if pupils do not start with distributing
coins with the largest value. The only disadvantage of not starting with the largest coins
is that it can happen, that some coin value will be distributed more than once and finally
one has to exchange smaller coins for a larger one in the calculated result.

/r—*.\\ 72:3= -
%:Q/% R \—)g
8 #
@ o) Lia

Figure 11. Formulation of a division task with the coin representation of the dividend.
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Figure 12. Distributing coins of the largest value 100 and exchanging the rest for coins with smaller value.
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Figure 13. Distributing the coins of value 10 and exchanging the rest for coins of smaller value 1.
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Figure 14. Distributing coins of value 1.

This transparent, concrete way of executing division leads to a better understanding of
the operation of division because of the following reason. The repetition of distributing
equal-valued coins and exchanging the rest for smaller valued coins can be transparently
executed in any number system, not only in the presented decimal system. We
encourage teachers to apply this tangible division strategy also for other number
systems, because this contributes a lot to the understanding of the process of division.

As we already noted the calculation of the division works also if pupils do not start with

the distribution of the largest value. The coins can be distributed in any order. The only risk
is that one will distribute coins of the same value more than once. But if pupils propose to
start with distributing coins different from the largest one, let them do so and discover the
advantage of starting with the most-valued one.

As we have seen above, one can learn to understand division, and divide numbers by small
divisors very quickly in a transparent and tangible way. The main difficulty in teaching
division is not in understanding its execution in the proposed coin representation; this
can be mastered in one lesson. The hardest task is to learn to execute the division in an
abstract representation as an algorithm manipulating symbols with which the numbers
are represented. We do not recommend to directly in one step go from the presented tan-
gible division execution in coin representations to a written representation of the division
procedure although the written representation is only an exact description of the tangible
representation introduced. To learn to divide in a written form we developed a sequence
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of steps moving carefully from concrete manipulation to its written form. Here we only
show the most important step of moving from concrete to abstract in the description of
the division procedure. The idea is to avoid the optimization that strives to execute
division in the smallest possible place with the smallest number of symbol
manipulations. In the representation below we use two columns and show the calculation
to be executed on the left side. The left column always involves the coins that still have
to be distributed (la- beled “to distribute”), and the right column contains the already
distributed coins (labeled “distributed”). The time of the execution is running top down
and so the sum of the coins in each row correspond to the value of the dividend. In this
transparent description pupils can reconstruct any particular step of division in the
concrete and tangible execution (Fig- ures 15, 16, 17, 18, 19 and 20). This enables also to
train pupils to search for errors and to correct them, and so to make the kids more
selfconfident. First, one starts with divisions using only a small number of coins during
the division execution. In this way one can work only with symbols for coins drawing the
corresponding coins. Later one can continue as in Figures 15 — 20 where we already use
digits in order to write the number of coins used instead of drawing the corresponding
number of coins. Note that using cards with digits, one can execute the division in the
illustration above in a tangible way and therefore keep the relation between the execution
and its description transparent. Some more modules and steps are needed to develop the
written division for large divisors, but this is not the issue for the first years of the
primary school.

to distribute distributed
g-®2 @Ws- @ :3=
(I
—

Figure 15. Semi-written representatin in two columns: left is what remains to be distributed and right is what is al-
ready distributed. For full transparency, the calculation to be executed is shown in coin representation on the left.

to distribute distributed
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Figure 16. Semi-written representation after the first distribution.
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The details of an implementation of teaching division with large divisions can be found in
Hromkovi¢ ef al. (to appear in 2026b).

to distribute distributed
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Figure 17. Semi-written representation after the first exchange.
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Figure 18. Semi-written representation after the second distribution.
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Figure 19. Semi-written representation after the second exchange. Note that in every horizontal line, the total
remains correctly represented. This allows the children to check their calculation at all times on their own.
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5. Conclusion

For pupils as novices with a very low experience in abstraction there is no other way than
starting with concrete and learn to develop the abstraction as a generalization of their ex-
perience with concrete by active handling (Piaget (1926), Piaget and Harel (1950)). The
hardest part of teaching the execution of arithmetic operations is not in understanding their
meaning and in their execution in a transparent and tangible representation, but in their
common, abstract, size-optimized written representation. If we omit to work in concrete
representations, we risk that pupils will learn to calculate without understanding the mean-
ing of what they do. For preparing the lessons and writing textbooks we recommend us- ing
the genetic Socratic method (Wagenschein (1966), Delic and Senad (2016), Wittmann
(1981)). The Motto is:

“Do not focus to teach the products of science and technology (facts, theorems, mod-
els, methods, etc.) and to work with them but teach the processes of their discoveries
and their development.”

to distribute distributed
. g-@2 @s- @ :3- )
o (1 3 =2 Remainder 2
g: gﬂ %4 | 8: 3 =2 Remainder 2 [—I
™ @ 2®2@s @ :3- O —
@ @ N
Goé @ 22- ('9_‘"8- @ :3=
@0 G:‘ 22 : 3 =7 Remainder 1
) g 1® 8@ :3= (27 W
1-@=10@ 2 @7 0 )
ma-@ﬁl :3=
18 : 3 = 6 Remainder 0
(8- 2- () 8- @) : 3 =276 Remainder 0 T @ @)
(227 @6 @
Z®7we @)

Figure 20. Semi-written representation; last distribution including the result.

Especially this means to study the genesis of the products of science and to also recognize
and learn from the failures that helped to achieve breakthroughs. According to this one can
divide the processes of inventions in such small steps (sequence of questions, tasks,
challenges, and activities (Delic and Senad (2016), Wagenschein (1966),Wittmann (1981),
Dagiené et al. (2021), Dagiené et al. (2020), Hromkovi¢ et al. (2020), Hromkovi¢ et al.
(2025a), Hromkovi¢ et al. (2025b), Hromkovi¢ et al. (2025c), Hromkovi€ et al. (to appear
in 2026a), Hromkovic et al. (to appear in 2026b)) that pupils can discover particular steps
with high probability on their own. We illustrated this approach by teaching elementary
arithmetic operations. The most impressive advantage of using genetic Socrates method is
in designing algorithms for division. Observe that after discovering the distribution of
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equal-valued coins in the first part of section 4 presented above, the pupils to a high extent
are able to participate in the development of the tangible division algorithm which makes
the acquired knowledge much more sustainable. The same is true if pupils are involved in
the development of the written description of the already mastered tangible division
procedure.

To develop teaching concepts presented here authors worked with classes as well with
small groups of pupils, but did not execute any empirical study. Some large empirical stud-
ies are planned for 2027-2028 with more than 300 project schools.
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	Abstract. Education is about supporting humans in their growth, with a special focus on exploring their intellectual potential. Learning to act following a given (even complex) pattern is losing its educational value very fast, because all well described activities can be automated. Education therefore should focus on developing those cognitive process di- mensions of pupils where technology cannot compete with humans (Dagienė et al. (2020), Hromkovič and Lacher (2017), Hromkovič et al. (2020)). The contribution of this paper is conceptual. In the paper we show that starting with the  algorithmic view on the historical development of number representations and calculations  offers a natural, more understandable way for teaching mathematics in primary schools. We show that going consequently from concrete to abstract empowers pupils to be able to  design own representations of numbers, rediscover the execution of arithmetic operations  on their own, and even develop elementary calculations in own designed number sys- tems. We show here how a successful process of rediscovery of arithmetic algorithms can  be designed by using classical algorithm design methods as “induction” and “divide and  conquer”. We show how that algorithmic thinking can essentially contribute to improving  education in mathematics. Keywords: teaching to abstract, problem solving, computational thinking, teaching ele- mentary arithmetic operations, number representation, genetic Socrates method, construc- tivism, algorithmic symbol manipulation, algorithmics, arithmetics.
	1. Introduction
	“The brains of people should not be stuffed with facts, names, and formulae. To know all this, it is not necessary to have passed any school. The real purpose of education is to teach people to think.” Albert Einstein.
	Automation has always been the part of human culture that made and makes our civiliza- tion more and more efficient (Hromkovič (2015), Hromkovič and Lacher (2017)). Since ever humans acquire knowledge and use it to develop procedures (algorithms) for differ-
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	ent purposes. The original principle of automation was that many people could success- fully execute such procedures without understanding why they work properly, i.e., without having the knowledge of their inventors. The oldest archaeological artifacts documenting algorithms as mathematically described exact procedures are about 4000 years old. In this sense, computer science as the discipline about automated information processing (i.e., about automated knowledge generation) has always been an integral part of human culture (Hromkovič (2015)). Today we are living in the era of information technology that enables us to automate all activities we understand to some extent and execute them faster and more reliable than humans. The 200 years old model of schools striving to educate experts able to correctly act following a complex pattern needs to be updated because the educational value of acting by following given procedure descriptions (does not matter how complex they are) is decreasing fast. Since education is about supporting humans to grow (especially to explore their intellectual potential), nowadays one has to force the development of those dimensions of pupils (creativity, fantasy, critical thinking) in which technology cannot compete with humans (Dagienė et al. (2021), Dagienė et al. (2020), Hromkovič and Lacher (2023)). The contribution of this paper is on the conceptual level. We design a novel approach  for teaching elementary arithmetics by combining constructivism (Piaget (1926), Piaget  and Harel (1950),Wagenschein (1966)), algorithmic thinking (Knuth (1985)) and genetic  Socrates method (Hromkovič and Lacher (2025)). This concept essentially deepens the  understanding of arithmetic by pupils and simultaneously makes arithmetic algorithms  much easier to understand. We claim that the current style of teaching numbers and elementary arithmetic operations  in primary schools does not fit our above formulated requirements. Introducing calcula- tion starts on an abstraction level that is too high. The abstract decimal positional number  representation is assumed as given. Still worse, it is ignored that the written algorithms for  multiplication and division are products of thousands of years of fine-tuning to minimize  the amount of work for their execution as well to minimize the space of their symbolic  (abstract) execution. Moreover, all these optimizations have been done without taking care  of the understandability of the executed algorithms. And of course, the optimization of  the amount of calculation work and of space of calculation execution, and the search for  an appropriate number representation impacted each other and were done simultaneously. Teaching these final products as one without being familiar with the process of their devel- opment aggravates considerably the understanding of basic arithmetic. Each abstraction  arises as a generalization of experiences with concrete, and this experience with concrete  is the only well-understood way to introduce abstractions and work with them (Piaget  (1926), Piaget and Harel (1950), Wagenschein (1966), Wittmann (1981)). It is a folklore that many institutions educating teachers decided not to aim to teach the  execution of arithmetic operations as division because this typically results in learning the  corresponding symbol manipulations without understanding why these algorithms work.  But this is a wrong decision because avoiding abstractions restricts the intellectual growth  of pupils a lot. Without learning to create and verify abstract models (descriptions) of
	objects and processes we essentially restrict the ability of learners to approach more com- plex topics (a more involved discussion can be found in Delic and Senad (2016) and in the text book series “Mathematik entdecken und entwickeln”, (in German) Hromkovič et al. (2025a), Hromkovič et al. (2025b), Hromkovič et al. (2025c), Hromkovič et al. (to ap- pear in 2026a), Hromkovič et al. (to appear in 2026b)). This is the reason why we start to teach calculation with integers by developing various and more concrete representations of numbers and designing algorithms for the basic arithmetic operations in these less abstract number representations in such a way that pupils are involved in designing number repre- sentation as well as in developing descriptions of calculation processes. In fact, our proposal is based on the daily job of computer scientists. We design symbolic,  abstract representations of objects in such a way that we can work with these representa- tions efficiently. From this point of view, the simultaneous development of number rep- resentations and algorithmics for execution of arithmetic operations is a representative  pattern of the work in algorithmics (Dagienė et al. (2020)). This is not allowed to be a  surprise, because informatics was since ever an integral part of human culture (Hromkovič  and Lacher (2017)). In this paper we present our concept and illustrate some parts of our design of a teach- ing sequence devoted to the understandable development of algorithms for multiplication  and division. The main didactic strategy is based on splitting the learning path in such  small steps (sequences of questions, tasks, and activities see Delic and Senad (2016),Wa- genschein (1966),Wittmann (1981), Hromkovič et al. (2025a), Hromkovič et al. (2025b),  Hromkovič et al. (2025c), Hromkovič et al. (to appear in 2026a), Hromkovič et al. (to  appear in 2026b)), that pupils are able to make the necessary discoveries for solving par- ticular steps (problems) to a high extent on their own. Because of that we call our approach  genetic Socrates method. Note that this was the method how Socrates used to teach. The  basic idea is not to present the products of scientific work, but to teach the processes of  their discoveries and their development.  To learn how to describe objects (numbers, for instance) and calculation processes in ab- stract ways is more important than to learn executing concrete calculation algorithms.  The ability to abstract and solve problems in their abstract descriptions have the key role  in the processes of investigating, understanding, and shaping the world around us, and  must be the main issue in education in mathematics and informatics. It corresponds to the  proper idea of teaching algorithmic thinking (Knuth (1985), Wing (2006), Denning (2009),  Aho (2011), Tedre and Denning (2016), Bollin and Micheuz (2019), Denning and Tedre  (2021)). This paper presents a novel strategy how to teach elementary arithmetic by combining  the development of number representations with the design of algorithms for executing  elementary arithmetic operations.We illustrate the fruitfulness of their mix of abstraction  development, problem solving and algorithmic thinking by showing how easy and sys- tematically the algorithms for addition, multiplication, and division can be designed. The  division algorithm in section 4 we already presented in extended abstract (Hromkovič and  Lacher (2025)).
	This paper is structured as follows. In the second section we shortly discuss the develop- ment of number representations with the focus on so called coin-representations. Since our number systems are based on addition of units of number systems, we outline here also how to calculate addition in presented number representations. In section 3 we show how to use the number representations introduced to transparently develop algorithms for multiplication. In section 4, we show how to develop a very well understandable ap- proach for a division algorithm based on two simple modules – exchange of a big coin for several smaller coins of the same value, and equally partitioning a set of equally-valued coins (splitting a pirate treasure). We discuss how to move from this transparent tangible algorithm to an understandable script form (abstract written execution). In conclusion we discuss the importance of our approach of teaching elementary arithmetic.

	2. Number Representations and Addition
	The history of developing number representations is at least 68.000 years old. The first attempts resulted in the unary number representation which is suitable for small numbers only. Nevertheless, historically this was one of the greatest breakthroughs in human his- tory enabling the storage of information outside of the human brain (Hromkovič (2015), Hromkovič and Lacher (2025)). The true digital revolution started more than 5300 years ago with the development of the first scripts in Mesopotamia and then in Egypt as the consequences of the first Big-Data crises in human history. Using alphabets in order to represent shortly (concisely) information as sequences of symbols (today called data as digital representations of information) and store them on media has changed the manage- ment of and the living in the old cultures more essentially than the IT does recently. For the first time in the history of mankind, humans were able to store and process information externally outside of their brains on some medias. This allowed humans to store informa- tion more objectively and for an unrestricted amount of time, to communicate information to arbitrary long distances, to build databases for information processing, and to do busi- ness with information. From the very beginning the number representations of most of the old cultures have been  based on addition. One has chosen basic values (units) of the number system used (called  coins here), for instance the decimal ones (1, 10, 100, 1000,. . . ) in Egypt, the hexadecimal  ones (1, 60, 3600, . . . ) in Mesopotamia, or the vigesimal system (1, 20, 400, 8000, . . . )  by Maya in South America. The origin of the Roman number representation is the same  by taking roman coins of values 1, 5, 10, 50, 100, 500, and 1000 and not using the sub- traction (not allowing to place smaller values to the left of the larger ones, i.e. IV, IX, CM  were not allowed). In what follows we shall call the numbers represented by the addition  of roman coins “old roman numbers”. In all these cultures a number was expressed by a  collection of coins (basic values) in such a way as the sum of the values of the coins in  the collection corresponds to the value of the number. Obviously, based on this principle,  one can express a larger number by many different coin collections. To avoid ambiguity  in their number representations all old cultures have decided (without any communication  between the cultures) that the collection with the smallest number of coins expressing a

	given number is its right representation. For the coins (basic values of the number systems) used by old cultures this representation strategy guarantees the unambiguous representa- tion of all numbers. From the didactic point of view one of the main advantages of the coin-number representa- tions is that one can work with numbers in a physical representation as collections of coins.  This number representation is so transparent that pupils in the second class of the primary  school do not have any problem to count and to sum numbers up to 1 million. Addition  is especially easy to execute. One takes two numbers in their coin representations as coin  collections and unite these two collections into one collection. The sum of the values of the  coins in this unified collection offers already the right value of the addition. The pupils are  now asked to minimize the number of coins by exchanging smaller coins for equal value  of larger coins. Training this exchange of coins without changing the value of a coin col- lection is the only ability needed to execute addition.  We introduce the number representations and train them by executing addition with them  in the order as shown in Figures 1a through 1f and as follows:
	What are the main advantages of developing number representations in this order?
	1. We start with very concrete representations of numbers and move finally to the
	abstract decimal positional number representation;
	2. Moving from one number representation to the next one is transparent and very
	well understandable;
	3. If pupils have troubles with some new, more abstract representation, they can al-
	ways move back and verify their perception of the representation concept by the already well understood, more concrete representation;
	4. As we will show in the rest of the paper, pupils get a much more understandable
	way to manage the execution of elementary arithmetic operations;
	5. Pupils can train to create abstract number representations of other number systems and so learn to abstract (develop abstract descriptions). In the following Figure 2 we see a table (positional) representation of old roman numbers.
	Immediately after introducing a new number representation, it is recommended training to execute addition in this representation. For unary number representation, addition is so easy that it cannot be easier. One joins the representation of both summands, i.e. estimating the value of the results means to keep on counting (Figure 3).
	As a good preparation for working with the coin representation of numbers, it is helpful to train also addition in two-dimensional unary representation (Figures 1c and 4). Addition in the coin representation consists of two actions, the pupils are already familiar with both. The first one is to put both coin representations (collections of coins) of the summands together, and the second one is minimizing the number of coins used (Figure 5). It is only  a small step to move from addition in the coin representation of numbers to the table repre- sentation. Instead of minimizing the number of coins in the second action of the addition, one executes carryover. The first action corresponds to the unary addition for each coin
	value (unit of the number system) see Figure 6a. Here is also advantageous that pupils exercised the addition in the unary two-dimensional representation of numbers. After mastering addition in all number representations above, pupils understand the op- eration of addition so well that they can start to execute addition in other number systems  (Maya numbers, binary numbers, old roman numbers, etc.) as well as in own number  systems proposed by them.

	3. Modular Design of Teaching Multiplication
	Multiplication is the first complex arithmetic operation pupils have to learn to execute. To develop a multiplication algorithm with the class, it is important, but not sufficient, to move from concrete to abstract number representation as designed in section 2. In addi- tion, one has to work with modular design. This means developing algorithms for simple tasks and using them as building blocks to compose the multiplication algorithm. For sure, the most fundamental building block is addition, and one has to define multiplica- tion as the sum of several equal values.
	This definition offers the first algorithm for multiplication by executing a−1 additions (Fig- ure 7). The next step is again based on algorithmic thinking, focusing on efficient executions of  all activities that we want to automate. The motivation not to be satisfied with this simple  multiplication algorithm is the big amount of work (number of additions executed) if the  multiplier is large. Commutativity can help to increase the efficiency only if one of the  numbers in the product is small.
	(a) Addition in table representation

	with lines
	(b) Addition in table representation

	with digits
	Here we recommend to introduce the original Egyptian multiplication that strives to ex- ecute multiplication in any number system with well-defined addition by executing as few additions as possible. The goal here is not to present the algorithmic procedure that may be too complex for pupils. The idea is to show pupils examples like the trees (Figure 8) and to give them a sequence of challenges. Each challenge is the execution of a concrete product a   b with a minimal number of additions by using the idea of summing the value

	b in a tree (Figure 8). Observe that this way you can always execute 2 log2 a additions.
	b with less than
	After this we recommend to approach our common multiplication algorithm based on the positional number representation. The key point in understanding this multiplication algo- rithm is the distribute law (a + b)   c = ac + bc, and we recommend to train it by learning the multiplication table by task like 7   8 = (4 + 3)   8 = 4   8 + 3   8 = 32 + 24 = 56. The task formulation can be as follows: “I know 4   8 and 3   8. Can I calculate 7   8 by executing one addition only? Next, we develop the multiplication algorithm for one-digit multiplier. We start with the  coin representation and multiplying with a we exchange every coin in the representation of  the multiplicand by a coins of the same value. After that we minimize the number of coins  in the representation as usual. This should be executed only for small a’s because we have  to avoid handling too many coins. After understanding the principle of multiples of coins,  we move to the table representation of multiplicand as in Figure 9a and 9b.
	(a) Multiplication with a one-digit multi- plier in the table representation.
	(b) Multiplication with a two-digit multiplier show- ing the separation of the decimal units.
	When all pupils mastered it, you can shorten the description of the execution of multipli- cation with one digit multiplier to the common one row written execution in positional decimal representation. The next module is the multiplication by units 1, 10, 100, ... of the decimal number system.  This module and the module of multiplication by one-digit multiplier can be combined to  a module for multiplying by multiples of units. 600   3721 = 6   372100 = 2232600. Now, all modules needed are ready to compose the  multiplication for arbitrary multipliers.We start with two-digit multipliers as depicted in  Figure 9b. Note, that the fundamental idea is again based on the distributive law, because  we have to express the multiplier as the sum of tens and ones (64 = 60 + 4 in Figure 9b). It is important not to strive too quickly executing the multiplication on the smallest pos- sible space as in the common multiplication algorithm. We recommend the larger schema  as it enables the pupils to see any time during the execution of multiplication what they are  doing and why. It also helps the pupils to train verifying the correct execution of multipli- cation, and searching for and correcting errors. All this brings more sense of achievement  which is the most efficient teaching method. Finally, the pupils become more self-confi- dent and open for experimenting by problem solving. To extend this schema for multiplying by larger multipliers is quite natural and is no ob- stacle for pupils in mastering general multiplication. A crucial issue is not approaching too  quickly the written common execution of multiplication in the minimal space. The right  time for moving in this direction is when pupils find it boring to fill the schema introduced  and start to suggest to make it faster by jumping over some parts of the schema.

	4. Division by Genetic Socratic Method
	Teaching the division, one starts with the unary number representation, which in tangible representation means with a collection of equal-valued coins. The fair distribution of a coin collection is running in rounds and in each round each party gets one coin. The trans- parent procedure is illustrated in Figure 10. This corresponds to the definition of division a : b, where one subtracts b from a as many times as doable.

	We see that the fair partitioning of coins in this way can be mastered by pupils in a few minutes and one can easily learn to write the result of the division following the common convention. This simple procedure is the basic module for the general division algorithm. This module has to be applied as many times as the number of positions of the positional number representation of the dividend. In the Figures 11, 12, 13 and 14 we see that one begins with distributing the coins of the largest value on the corresponding number of par- ties given by the divisor. If some rest coins cannot be distributed (because their number is smaller than the divisor), one exchanges them for the coins of the next smaller value. You do not need to explain this action, you have to ask pupils to propose it. At latest after this action pupils are able to design the rest of the calculation on their own. Note that this pro- cedure for division works also if pupils do not start with distributing coins with the largest value. The only disadvantage of not starting with the largest coins is that it can happen, that some coin value will be distributed more than once and finally one has to exchange smaller coins for a larger one in the calculated result.
	This transparent, concrete way of executing division leads to a better understanding of the operation of division because of the following reason. The repetition of distributing equal-valued coins and exchanging the rest for smaller valued coins can be transparently executed in any number system, not only in the presented decimal system. We encourage teachers to apply this tangible division strategy also for other number systems, because this contributes a lot to the understanding of the process of division. As we already noted the calculation of the division works also if pupils do not start with  the distribution of the largest value. The coins can be distributed in any order. The only risk  is that one will distribute coins of the same value more than once. But if pupils propose to  start with distributing coins different from the largest one, let them do so and discover the  advantage of starting with the most-valued one. As we have seen above, one can learn to understand division, and divide numbers by small  divisors very quickly in a transparent and tangible way. The main difficulty in teaching  division is not in understanding its execution in the proposed coin representation; this  can be mastered in one lesson. The hardest task is to learn to execute the division in an  abstract representation as an algorithm manipulating symbols with which the numbers  are represented. We do not recommend to directly in one step go from the presented tan- gible division execution in coin representations to a written representation of the division  procedure although the written representation is only an exact description of the tangible  representation introduced. To learn to divide in a written form we developed a sequence
	of steps moving carefully from concrete manipulation to its written form. Here we only show the most important step of moving from concrete to abstract in the description of the division procedure. The idea is to avoid the optimization that strives to execute division in the smallest possible place with the smallest number of symbol manipulations. In the representation below we use two columns and show the calculation to be executed on the left side. The left column always involves the coins that still have to be distributed (la- beled “to distribute”), and the right column contains the already distributed coins (labeled “distributed”). The time of the execution is running top down and so the sum of the coins in each row correspond to the value of the dividend. In this transparent description pupils can reconstruct any particular step of division in the concrete and tangible execution (Fig- ures 15, 16, 17, 18, 19 and 20). This enables also to train pupils to search for errors and to correct them, and so to make the kids more selfconfident. First, one starts with divisions using only a small number of coins during the division execution. In this way one can work only with symbols for coins drawing the corresponding coins. Later one can continue as in Figures 15 – 20 where we already use digits in order to write the number of coins used instead of drawing the corresponding number of coins. Note that using cards with digits, one can execute the division in the illustration above in a tangible way and therefore keep the relation between the execution and its description transparent. Some more modules and steps are needed to develop the written division for large divisors, but this is not the issue for the first years of the primary school.
	The details of an implementation of teaching division with large divisions can be found in Hromkovič et al. (to appear in 2026b).
	5. Conclusion
	For pupils as novices with a very low experience in abstraction there is no other way than starting with concrete and learn to develop the abstraction as a generalization of their ex- perience with concrete by active handling (Piaget (1926), Piaget and Harel (1950)). The hardest part of teaching the execution of arithmetic operations is not in understanding their meaning and in their execution in a transparent and tangible representation, but in their common, abstract, size-optimized written representation. If we omit to work in concrete representations, we risk that pupils will learn to calculate without understanding the mean- ing of what they do. For preparing the lessons and writing textbooks we recommend us- ing the genetic Socratic method (Wagenschein (1966), Delic and Senad (2016), Wittmann (1981)). The Motto is:
	“Do not focus to teach the products of science and technology (facts, theorems, mod- els, methods, etc.) and to work with them but teach the processes of their discoveries and their development.”
	Especially this means to study the genesis of the products of science and to also recognize and learn from the failures that helped to achieve breakthroughs. According to this one can divide the processes of inventions in such small steps (sequence of questions, tasks, challenges, and activities (Delic and Senad (2016),Wagenschein (1966),Wittmann (1981), Dagienė et al. (2021), Dagienė et al. (2020), Hromkovič et al. (2020), Hromkovič et al. (2025a), Hromkovič et al. (2025b), Hromkovič et al. (2025c), Hromkovič et al. (to appear in 2026a), Hromkovič et al. (to appear in 2026b)) that pupils can discover particular steps with high probability on their own. We illustrated this approach by teaching elementary arithmetic operations. The most impressive advantage of using genetic Socrates method is in designing algorithms for division. Observe that after discovering the distribution of

	equal-valued coins in the first part of section 4 presented above, the pupils to a high extent are able to participate in the development of the tangible division algorithm which makes the acquired knowledge much more sustainable. The same is true if pupils are involved in the development of the written description of the already mastered tangible division procedure. To develop teaching concepts presented here authors worked with classes as well with  small groups of pupils, but did not execute any empirical study. Some large empirical stud- ies are planned for 2027-2028 with more than 300 project schools.
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